Abstract-It was usually considered in power systems that power flow equations had multiple solutions and all the eigenvalues of Jacobian matrix at the high-voltage operable solution should have negative real parts. Accordingly, type-1 low-voltage power flow solutions are defined in the case that the Jacobian matrix has only one positive real-part eigenvalue. However, an important issue that has not been well addressed yet is that the "negative reactance" may appear in the practical power system models. Thus, the negative real-part eigenvalues of the Jacobian matrix at the high-voltage operable solution may be positive and also the type-1 low-voltage solutions could have more than one positive real-part eigenvalues, being a major challenge. Therefore, in this paper, the recognition of the type-1 low-voltage power flow solutions is re-examined with the presence of negative reactance. Selected IEEE standard power system models and the real-world Polish power systems are then tested to verify the analysis. The results reveal that the negative reactance in the practical power systems has a significant impact on the negative real-part eigenvalues of the Jacobian matrix at the high-voltage operable solution as well as the number of positive real-part eigenvalues at the type-1 low-voltage power flow solutions.
The number of the power flow solutions depends on the system loading. The maximum number of solutions for an n-bus power system is estimated to be 2 n −1 . Prior-art work has reported a vast array of methods to resolve the power flow equations and capture the multiple solutions [1] [2] [3] [4] [5] [6] [7] .
Normally, tracking the multiple solutions of the power flow equations offers an effective way to analyze the static voltage stability [8] , [9] , since the distance between the high-voltage operable power flow solution and the low-voltage solutions can be utilized as a static voltage stability index. When the system arrives at the maximum power transfer point, the operable high-voltage solution and low-voltage power flow solutions are coincident. When the distance is larger, the system is farther from the maximum power transfer point.
Moreover, it is investigated that in [10] [11] [12] [13] [14] [15] that the type-1 solutions are closely associated with the voltage instability phenomenon. Accordingly, the computational burden for the static voltage stability analysis can be significantly alleviated, when only considering the type-1 solutions. As a result, the static voltage stability indicator becomes the distance between the high-voltage operable power flow solution and the type-1 lowvoltage power flow solutions. Now, we will focus on how to find the type-1 low-voltage power flow solutions. According to the property of Type-1 power flow solutions, several methods have been proposed to acquire these type-1 power flow solutions. In [16] , a hybrid genetic and particle swarm optimization algorithm for locating all the type-1 power flow solutions has been adopted. Moreover, a state-space search method has been applied to calculate the low-voltage power flow solutions in ill-conditioned systems [17] . Additionally, a potential algorithm based on Continuation Power FLOW (CPFLOW) has been presented in [18] and [19] .
However, recent study has revealed that negative reactance may appear in real-world power system models. For example, the IEEE 300-bus test system has one "negative reactance" in the MATPOWER [20] ; three real-world Polish power systems, including 3012-bus, 3120-bus and 3375-bus systems, have more than 10 "negative reactances"; nearly 100 "negative reactances" exist in the U.S. Midwest ISO (MISO) EMS power system. Notably, the "negative reactance" mainly appears in actual systems induced by the process of system equivalencing or three winding transformer modeling [21] . From a purely physical perspective, transformer windings are taken as inductive rather than capacitive. However, due to the mutual effects between windings of the three-winding transformers and the virtual system equivalencing, small negative values may appear in the midvoltage side windings. In some cases, the series compensators used to increase the transfer capability in transmission lines may also result in negative reactance. Additionally, negative reactance is introduced deliberately to simulate the power breaker operation [22] .
The presence of the negative reactance even with limited number and small value may result in that a) the eigenvalues of Jacobian matrix at the high-voltage operable solution may have positive real parts and b) the type-1 low-voltage power flow solutions may have more than one real-part eigenvalues. This poses a challenge to the traditional definition of type-1 lowvoltage power flow solutions and the viewpoint that the Jacobian matrix at the high-voltage solution has all of its eigenvalues with negative real parts in [18] .
It should be noted that this phenomenon is very critical to track the low-voltage solutions of the power flow equations, especially for the type-1 power flow solutions. However, such an issue has never been addressed in the state-of-the-art. In light of the above issues, the impact of negative reactance on the eigenvalues of the converged Jacobian matrix at the high-voltage operable solution as well as the type-1 low-voltage power flow solutions has been explored in this paper.
To the authors' best knowledge, the main contributions of the paper can be summarized as follows:
1) It has rigorously proved that the power flow Jacobian matrix has all of its eigenvalues with negative real parts at high-voltage operable solution without considering negative reactance.
2) The impact of negative reactance on the eigenvalues of the power flow Jacobian matrix at high-voltage operable solution has been evaluated. 3) The definition of type-1 low-voltage power flow solutions in [18] has been re-examined. The rest of the paper is organized as follows: The eigenvalues of the power flow Jacobian matrix are explored in Section II, followed by the investigation of the negative reactance effects on the recognition of the type-1 low-voltage power flow solutions. In Section III, some discussions on the new findings are presented. Section IV provides case studies on selected IEEE standard systems and practical Polish power systems considering negative reactance. Finally, Section V draws the conclusions.
II. EIGENVALUES OF THE POWER FLOW JACOBIAN MATRIX

A. Definition of the Power Flow Jacobian Matrix
Typically, the power flow equations can be formulated as
where n is the number of buses; P i and Q i are the injected active and reactive power at bus i; U i and θ i are the voltage magnitude and angle at bus i; θ ij = θ i − θ j ; G ij and B ij are real and imaginary parts of the admittance matrix at the i-th row and the j-th column, with
in which g sh,i and b sh,i denote the shunt-connected elements at bus i. Commonly, the power flow can be solved by NewtonRaphson method, where the voltage magnitude and angle corrections can be obtained by the Jacobian matrix. It should be noted that it is usually convenient for numerical solution to normalize the voltage magnitude correction, so the normalized Newton equations can be formulated as
where ΔP and ΔQ are the mismatched active and reactive power; ΔU and Δθ are the error of the voltage magnitudes and angles. Here, the Jacobian matrix of the normalized Newton equations is given by
where
B. Assumptions
In order to study the eigenvalues of power flow Jacobian matrix, the following mild assumptions for a transmission network under the normal steady state operation have been made [23] 
C. Preliminaries
When it comes to the eigenvalues of the matrix, it is usually associated with the matrix definiteness. However, the definiteness of the matrix is generally defined for the Hermitian matrix. The reason is that the Hermitian matrix uniquely corresponds to a quadratic real function and has sound properties, such as its eigenvalues are all real numbers, and the negative definiteness is equivalent to the fact that all the eigenvalues are negative. In order to investigate the eigenvalues of the asymmetric matrices, the definiteness of the Hermitian part of the asymmetric matrices by the following Corollary 1 will be employed in the analysis.
Definition 1 [25] : An n×n Hermitian matrix A is negative definite, if and only if x H Ax < 0 for any nonzero complex vector x ∈ n ×1 , where x H is the conjugate transpose of x. Corollary 1: An asymmetric real matrix A will have negative real-part eigenvalues, if the Hermitian part (A + A T )/2 is negative definite.
The proof of corollary can be found in Appendix A, and it should be noted that the condition "(A + A T )/2 is negative definite" is a sufficient but not necessary one for the case that "An asymmetric real matrix A is negative definite".
In addition, three theorems for the further study on the eigenvalues have been provided in following:
(Gershgorin Circle Theorem) [26] : Let A be an n×n matrix, with entries a ij . For every eigenvalue of A denoted by λ, lies within at least one of the Gershgorin discs, such that |λ − a ii | ≤ 
D. Negative Real-Part Eigenvalues of the Jacobian Matrix with Positive Reactance at the High-Voltage Solution
It is commonly considered that the reactance is always positive for all the lines, i.e., x ij > 0. As a result, G ij < 0 and B ij > 0 for i = j; G ii > 0 and B ii < 0 for i = j. Hereafter, it will be shown that the real parts of all eigenvalues of the Jacobian matrix at the high-voltage operable solution are negative.
Proof: It can be easily observed in (5) that the Jacobian matrix is an asymmetric real matrix. Now, we will define its Hermitian part (J + J T )/2 as
In the matrix form, (10) can be reformulated as
with the subscripts mp and mq indicating the number of buses related to the active power and reactive power equations, respectively. Meanwhile, the elements of matrix J = [
Now, we will focus on the definiteness of the matrix (J + J T )/2 considering that the reactance of all the lines is positive and three steps are presented as follows: 
where the two matrices satisfy
Then, it can be found from (17) and (18) 
Since H ♦ is negative definite, all the eigenvalues of H ♦ are negative, which means λ(H ♦ ) < 0, thus (21) implies
(20) It can be observed that all the eigenvalues of H † are negative, so the sub-matrix H † is negative definite. Moreover, the same conclusion can be obtained for the sub-matrix L † .
2) To Show the Matrix J is Negative Definite:
For any given vector ( a b ) = 0, we will arrive at
† and L † are negative definite, it holds for
Then, (21) becomes
According to Assumptions (i) and (ii), the active power flow equation of (1) can be approximated to be 
Furthermore, (22) will become
As shown above, for any nonzero vector, (24) will hold, so J is a negative definite matrix.
3) To Show the Matrix (J + J T )/2 is Negative Definite: Since J is negative definite, J can be decomposed by the Cholesky decomposition into J = −W T W , leading to
Therefore, the matrix (J + J T )/2 is negative definite. Furthermore, according to Corollary 1, we can obtain that the real parts of all eigenvalues of the Jacobian matrix J at the high-voltage operable solution are negative, since the Hermitian part (J + J T )/2 is negative definite. (Q.E.D.)
E. Eigenvalues of the Jacobian Matrix Considering the Negative Reactance at the High-Voltage Solution
However, as discussed in Section I, there may be "negative reactance" in the power systems, i.e., x ij < 0, which will break the diagonally dominant property of both matrices H † and L † , and therefore the negative definiteness of J will be affected. Let's take the matrix H † for an example in the following.
If the reactance of one branch is negative (e.g., x ij < 0), the diagonal value increases but the off-diagonal value decreases, i.e., H † ii ↑ and H † ij ↓. With the increase of the absolute value of the negative reactance, the diagonal dominance will not be attained anymore. It is clear that the reactance as x ij = x ij − μ can be formulated, where x ij and μ are strictly positive. Thus, the imaginary part of the admittance matrix formed by x and x' can be written as B and B', respectively.
At first, let H † + be formed with only positive reactance. With respect to the results in the last subsection, the matrix H † + is strictly negative definite, such that H † + ≺ 0. Furthermore, the original matrix H † + is formed with both negative and positive reactance. Here, we take one negative reactance for illustration and it is possible to reorder the bus index in such a way that the bus i and j are the last two rows/columns. Then, the original matrix H † can be derived by
where H + and C are sub-matrix of H † + ;α is a parameter that can be adjusted to match the value of the negative reactance. Since x ij is negative, according to (26) and the Assumption (ii), α can be approximated to
which shows that α is increasing with the decrease of |x ij |.
Furthermore, the negative definiteness of H † + implies that H + is negative definite as well, according to Schur Complements Theorem. Thus, the definiteness of H † is determined by the definiteness of the matrix [
If this matrix is negative definite,H † will be negative definite, otherwise, the definiteness of H † cannot be determined. Moreover, the definiteness of the matrix [
+ C is shown in Appendix B, which implies that larger α (i.e., smaller value of "negative reactance", x ij ) leads to a higher possibility for the loss of negative definiteness of H † . As the example of "negative reactance"
shows in Section I, negative reactance mostly results from the 3-winding transformer modeling and its value is generally small. Therefore, it is highly possible that the negative definiteness of H † will be lost when there is "negative reactance" in the practical power system model. In addition, the loss of the definiteness of H † will result in the indefiniteness of the Hermitian part
Since Corollary 1 is a sufficient but not necessary condition, it is not possible to confirm whether the real part of all the eigenvalues of the Jacobian matrix J at the highvoltage operable solution is negative. However, the counterpart from the single-load stiff-bus test system in Appendix C implies that some negative real-part eigenvalues of the Jacobian matrix at a high-voltage operable solution may become positive.
Therefore, considering the negative reactance, the distribution of the eigenvalues of the Jacobian matrix at the highvoltage operable solution is determined by the value of negative reactance: when |x ij | is large,
can still keep negative definite and the real part of all the eigenvalues of the Jacobian matrix J at the high-voltage operable solution is still negative. Nevertheless, with decreasing |x ij |, the negative definiteness of (J + J T )/2 = [
will be lost, which may lead to the loss of negative real-part eigenvalues.
III. DISCUSSIONS ON THE NEW FINDINGS
It has been observed that the existence of negative reactance lines may shift the real part of some eigenvalues of the Jacobian matrix away from negative values to positive ones. This leads to a phenomenon that the power flow solution is a high-voltage operable solution, but the Jacobian matrix may have positive real-part eigenvalues.
From the simple example of the single-load stiff-bus test system in Appendix C, it can be found in the closed form of eigenvalues of (C4) that, on the condition that power flow has a high-voltage solution, E − 2U cos θ ≤ 0, the eigenvalues λ(J) ≥ 0 if the reactance is negative (i.e., x<0). At the same time, one eigenvalue in the converged Jacobian matrix has a negative real part at low-voltage solution. Therefore, the Jacobian matrix at type-1 low voltage power flow solutions in this example has less than one positive real-part eigenvalue.
Furthermore, the CPFLOW method in [18] and [27] has been employed to track the high-voltage operable and low-voltage type-1 power flow solutions on large-scale test systems. Specifically, the CPFLOW technique utilizes a predictor-corrector scheme to trace a solution path by the parameterized power flow equations. With an increase of load levels, it is indicated that the system state moves towards the maximum power transfer point, where the Jacobian matrix becomes singular. The simulations in the next section show that the power flow solution is still a high-voltage operable solution but the Jacobian matrix has positive real-part eigenvalues, when considering the negative reactance. Moreover, the type-1 low-voltage power flow solutions could have more than one positive realpart eigenvalues in the converged Jacobian matrix. It means that one positive eigenvalue of the converged Jacobian matrix does not necessarily produce the type-1 low-voltage power flow solutions.
The result therefore challenges the analysis of Jacobian matrix of high-voltage operable solution and the definition of type-1 low-voltage power flow solution in [16] [17] [18] [19] that: 1) If the power flow solution is a high-voltage operable solution, the Jacobian matrix has all of its eigenvalues with negative real-part; 2) A type-1 low-voltage power flow solution has a single positive real-part eigenvalue, and the others are negative real-part eigenvalues. From the proofs in Section II, we can conclude the following statements with the consideration of the negative reactance that: 1) If no negative reactance exists, the real-parts of the eigenvalues of the power flow Jacobian matrix are all negative at the high-voltage solution; 2) If negative reactances exist in the network, the possibility of having positive eigenvalues increases for the power flow Jacobian matrix at the high-voltage solution. The number of positive real-part eigenvalues is related to the value of the negative reactance; 3) The definition of the type-1 power flow solutions in [16] [17] [18] [19] are not proper and sufficient. It should be noted that the type-1 solutions in [10] [11] [12] [13] [14] [15] were originally defined for the dynamic system Jacobian matrix, instead of power flow Jacobian matrix. Some remarks: 1) It is desired to note that the sign of Jacobian matrix in (4) is defined up to the way power flow equations are written, which will therefore affect the definiteness of power flow Jacobian matrix. In this paper, we define the power flow equations as "demand-generation = sum of power flowing on the lines into the bus". If defining the power equations to be "generation-demand = sum of power flowing on the line out of the bus", the Jacobian matrix becomes minus the one in this paper, so equation (5) becomes
]. It can be observed that the two different definitions give the relationship J R = −J and all eigenvalues will change the sign. At this time, the conclusions related to the sign of eigenvalues in this paper will be reversed. For example, the "negative" and "positive" in the above conclusions 1) and 2) should be reversed.
2) The sign of the eigenvalues of the power flow Jacobian actually cannot be directly used to study the voltage stability of the system, because the system stability is essentially related to the dynamic system Jacobian matrix. The only way of using eigenvalues of a power flow Jacobian matrix to conclude on voltage stability is based on using the eigenvalues of the reactive power voltage Jacobian matrix (a.k.a., reduced power flow Jacobian matrix) by [28] [29] [30] . These eigenvalues are shown to express the proportionality between the voltage mode variations and the reactive power injections. However, how to use the conclusion of this paper to the reactive power voltage Jacobian matrix should be studied in future work. 
IV. NUMERICAL RESULTS
A. Negative Reactance/Eigenvalues of the Jacobian Matrix
In order to track the phenomenon of the negative reactance and positive real-part eigenvalues, eight IEEE standard test systems and eight real-world Polish power systems from MAT-POWER [20] are studied. The results are presented in Table  I , where NNR is the number of negative reactance and NPE is the number of positive real-part eigenvalues. It can be observed in Table I that the IEEE 300-bus system has one negative reactance of x 120−1201 = −0.3697 p.u.. For the three realworld Polish power systems, 3012-bus and 3120-bus both have 10 negative reactances, and 3375-bus has 12 negative reactances. Besides, the Jacobian matrix with the consideration of negative reactances is not negative definite anymore and the number of positive real-part eigenvalues is just twice the number of negative reactances. Meanwhile, the power flow solutions are all high-voltage solutions, the voltage magnitudes of which are all around a reasonable level (a.k.a., U1.0 p.u.). Furthermore, the Assumption (iv) in Section I is also tested on the aforementioned systems, which can be shown in Table I , where two indexes are introduced as
Observe that both η(H) and η(L) are smaller than one, and in particular, η(H) is generally much smaller, which implies that the given assumption (iv) can be satisfied in all the IEEE standard systems and eight real-world Polish power systems. 
B. Discussions on the Type-1 Solutions
In this section, three systems are taken as examples to demonstrate the number of positive real-part eigenvalues at the Type-1 low-voltage solutions using the CPFLOW-based algorithm a 5-bus system [18] . It can be found in [18] that the reactance of each line in the 5-bus system is positive, and the Jacobian matrix at the high-voltage power solution has all of its eigenvalues with negative real parts and the type-1 low-voltage solutions have only one positive real-part eigenvalue. In order to study the effect of the negative reactance on the eigenvalues of power flow Jacobian matrix, the results are presented as follows:
Example 1: Considering negative reactance with a small value, assume that there is one negative reactance of 0.01-0.03j p.u. on the line #3-#5. The high-voltage and four type-1 low-voltage power flow solutions are presented in Table II . Furthermore, the eigenvalues of the converged Jacobian matrix at each power flow solution are shown in Table III . It can be observed that there are two positive real-part eigenvalues in the Jacobian matrix at the high-voltage power solution. Moreover, each type-1 lower-voltage power flow solution has three positive real-part eigenvalues, which is one more than that at the high-voltage solution.
Example 2: For the same 5-bus system with a large value of negative reactance, it is assumed that the value of the negative reactance on the line #3-#5 is 0.01-2.50j p.u.. Then, the highvoltage power flow solution and four type-1 low-voltage power flow solutions obtained as presented in Table IV . Furthermore, the eigenvalues of the converged Jacobian matrix at each power flow solution are shown in Table V Example 3: In order to show the impact of the values of negative reactance on the number of the Jacobian matrix's positive real-part eigenvalues, another test system is adopted from the IEEE 14-bus system, where it is assumed that there are two negative reactances on the line #4-#7 and #4-#9. i.e., (x 4−7 = −2.00, x 4−9 = −2.00) p.u.. Furthermore, it has been investigated in Fig. 1 that the voltage magnitudes are all around an operable high voltage level (a.k.a., U1.0 p.u.). Meanwhile, the eigenvalues of the converged Jacobian matrix at the high-voltage solution are shown in Table VI . It can be observed that the converged Jacobian matrix at the high-voltage power solution may not be negative definite and the number of positive real-part eigenvalues is related to the value negative reactances. With the increase of the absolute value of negative reactances, the number of positive real-part eigenvalues decrease. In addition, Table VII shows the number of positive real-part eigenvalues of converged Jacobian matrix at the type-1 lower-voltage power flow solution under different cases. It should be noted that there are 2(n-1) type-1 low-voltage power flow solutions where n is the number of buses. Here, it should be pointed out that only one solution is chosen for illustration due to the limited space. Compared with Table VI, the results shows that the number of positive real-part eigenvalues at the type-1 low-voltage solution is just one more than that at the high-voltage power flow solution.
V. CONCLUSION
This paper has presented an important phenomenon in the practical power system models, in which "negative reactance" may appear. As a consequence, the negative real-part eigenvalues of the Jacobian matrix at the high-voltage operable solution may be lost and the type-1 low-voltage power flow solutions may have more than one positive real-part eigenvalues, which imposes major challenges to the conventional viewpoints. The results from several study cases have demonstrated that:
1) The power flow solution with positive real-part eigenvalues in the converged Jacobian matrix may still be an operable solution due to the existence of negative reactance. The number of the positive real-part eigenvalues is related to the values of the negative reactance.
2) The defined type-1 solutions in literatures as solutions with one positive real-part eigenvalue of power flow Jacobian matrix don't use the proper definition as those using dynamic system Jacobian matrix.
APPENDIX
A. To Show the Corollary 1
Proof : For any eigenvalue of a given asymmetric real matrix A, denoted by λ, it gives
which leads to a < 0, c < 0 and ac − b 2 > 0. Furthermore, (B1) can be reformulated as
(B3) Thus, the eigenvalues can then be calculated by Subsequently, the condition shown in (B5) should hold, which also shows that λ is monotonously increasing along with the adjustable parameter α.
Moreover, we can obtain that When α → +∞, it yields
As a result, the sign of the eigenvalues λ ± (α) are related to the value of α, which gives the fact that the definiteness of the matrix [
+ C is related to the value of α as well. Moreover, a larger α leads to a higher possibility for the loss of negative definiteness of [
C. Eigenvalues of the Single-Load Stiff-Bus Test System
A widely used single-load stiff-bus test system is shown in Fig. 2 , where the power flow equation can be written as
where E is the grid voltage amplitude, P L and Q L are the load active power and reactive power, respectively, θ is the bus voltage angle, with
The Jacobian matrix of (C1) is then formulated as
Following, the closed form of eigenvalues can be obtained as
Notably, if the power flow equation has a high-voltage operable solution, the condition E − 2U cos θ ≤ 0 should hold.
Proof: The power flow equation of (C1) can be rearranged as
Then, the voltage magnitude U can be obtained by solving
(C9) It should be noted that if the power flow equation is stated in a high-voltage operable solution, the following condition should be valid:
Substituting (C5) into (C10) yields
(Q.E.D.) Furthermore, according to (C4) and (C12), it can be concluded that, if the power flow is stated in a high-voltage solution (i.e., Eq. (C12) holds), the eigenvalues of (C4) can be derived as (i)
Generally, it is widely considered in power systems that the reactance of each transmission line is positive (i.e., x > 0), so the two eigenvalues of the Jacobian matrix of the Single-Load Stiff-Bus system have negative real parts at the high-voltage solution. However, if there exists negative reactance (i.e., x<0), the real parts of the two eigenvalues will still be positive under the high-voltage condition. This has revealed that the traditional viewpoint on the negative real-part eigenvalues of the Jacobian matrix at a high-voltage operable solution does not necessarily hold due to the existence of the negative reactance. 
